Abstract: We derive quantum field theory Ward identities based on linear area preserving and conformal transformations in 2+1 dimensions. The identities relate Hall viscosities, Hall conductivities and the angular momentum. They apply both for relativistic and non relativistic systems, at zero and at finite temperature. We consider systems with or without translation invariance, and introduce an external magnetic field and viscous drag terms. A special case of the identities yields the well known relation between the Hall conductivity and half the angular momentum density.
Introduction
Quantum field theory Ward identities are relations among correlators that are derived using the symmetry generators. They are valuable even when the symmetries are broken. Of particular interest are Ward identities associated with space-time transformations. In this paper we will derive quantum field theory Ward identities based on linear area preserving and conformal transformations. The identities yield relations among different quantities such as viscosities, conductivities and angular momentum of the system.
We will consider parity breaking quantum field theories in 2+1 space-time dimensions. There is a large number of such systems of interest, for instance the Quantum Hall states. They exhibit non-dissipative parity breaking transport properties, such as the well known Hall viscosity η H . The Hall viscosity in 2 + 1 dimensional quantum systems was studied first in [1] , 1 and has been much studied since, see [3, 4] for reviews. Its value in topological states such as Hall states or chiral superfluids has been computed in many different systems [1, [5] [6] [7] [8] [9] [10] [11] , and it has been shown that its value divided by the particle number density is quantized. This makes it particularly interesting, since it gives a characterization of the state independent of the Hall conductivity. A closely related quantity is the torsional Hall viscosity that was introduced for relativistic theories in [12, 13] .
From an effective field theory point of view a non-zero Hall viscosity is expected on general grounds in theories with broken parity [14] [15] [16] [17] [18] [19] , including hydrodynamics [20, 23] . Hall viscosity was also introduced in holographic models in [24, 25] , and further studied in [26] [27] [28] [29] [30] .
A novel formula relating the Hall viscosity to the angular momentum density of the system ℓ η H = ℓ/2 , (1.1) was shown to hold in certain non-relativistic systems on the torus in [7, 9] . The relation between the Hall conductivity and the angular momentum density has been studied in various setups [14, 24, 26, 27] . In [24] it was argued that the relation between angular momentum and Hall viscosity holds in a holographic chiral superfluid. However, angular momentum can be introduced in several ways (see [31, 32] ) and generically it is not simply related to the Hall viscosity [26] , which could even vanish. These results are based on bottom-up models. It is of interest to have a general field theory argument that clarifies the relation between the angular momentum and the Hall viscosity, and that is also applicable to relativistic theories. This is one of the motivations for the present work.
In [10] it has been shown that Ward identities of non-relativistic systems lead to a non-trivial relation between Hall viscosity and conductivities, and between Hall viscosity and angular momentum density. In this paper we will derive such identities for general relativistic or non-relativistic 2 + 1 dimensional quantum field theories, at zero and at finite temperature. We will consider systems with or without translation invariance, and introduce an external magnetic field and viscous drag terms. In particular we will see under what conditions does the relation (1.1) hold.
The paper is organized as follows. In section 2 we will introduce the algebra of linear area preserving symmetries and derive the corresponding Ward identities in general systems. Having angular momentum density breaks translation invariance and the Ward identity takes the form (2.21). We will then introduce an external magnetic field and obtain the relation (2.29) with the modified angular momentum (2.30) . In the presence of viscous drag terms, that are of relevance for instance to systems with a lattice or impurities, we will derive the relation (2.32) . In section 3 we will consider the relation between the Hall viscosity and conductivities in translationally invariant systems. In particular, we will derive the relation (3.14) and with viscous terms (3.16 ). We will show that these formulas reduce in the non-relativistic limit and in the absence of drag terms to the one derived in [10] . The latter has been verified explicitly in some models.
In section 4 we will derive the Ward identity relating the Hall viscosity to the angular momentum density when translation invariance is broken. We will obtain (4.7) and (4.30) that in particular for gapped system yield (1.1). We will argue that in the limit where translation invariance is recovered the value of the Hall viscosity does not change. In section 5 we will consider spatial conformal transformations on the plane and use them in order to derive the Ward identity relation (5.13), which we use in order to show the relation between the angular momentum density and the total pressure of the system including the Hall bulk viscosity contribution (5.20) . In the appendices we provide details of the calculations as well as a generalization to nonzero temperature.
For convenience we introduced in table 1 all the notations that will be used in the paper, and highlighted the main results in the different sections.
Ward identities from linear transformations
Ward identities are constraints among correlators that can be derived by taking advantage of the symmetries of the theory. They are useful even when the would-be symmetries are broken. In particular, when the symmetries are related to spacetime transformations, there are various relations that are of much physical interest. Canonical examples are conformal transformations, where Ward identities provide a deep insight about the properties of the theory.
The generators of linear transformations in d + 1 dimensions are
where T µν is the energy-momentum tensor (We will use Greek indices µ, ν = 0, 1, · · · , d for spacetime directions and Latin indices i, j = 1, 2, · · · , d for purely spatial directions). If Lorentz invariance is broken then it may be of interest to study the generators of spatial transformations Q ij . An interesting subgroup comprises the area-preserving linear transformations. It is quite natural to consider them for instance in Quantum Hall systems, where the effective description is an incompressible fluid. As was shown in [10] for non-relativistic systems, the Ward identities lead to a nontrivial relation between Hall viscosity and conductivities, and between Hall viscosity and angular momentum density. In the following we will extend the analysis to generic quantum field theories in 2+1 dimensions, both relativistic and non-relativistic.
Area-preserving transformations in 2+1 dimensions
In 2+1 dimensions there are three generators that we can construct contracting with the Pauli matrices 2
Where the associated current density is
A representation of the generators acting on local operators is (x x x = (x, y))
a are the Pauli matrices for a = 1, 3 andσ2 = iσ2.
t,t Time variables with Fourier frequency ω x x x,x x x
Space variables with Fourier momentum p p p,P P P = p p p+
Area preserving current density, a = 1, 2, 3
Space dependent magnetization P 0 Constant pressure ǫ ǫ ǫ Regulator δ Scale of breaking of translation invariance η H ,η H Hall viscosity, its average σ ij , κ ij , α ij ,ᾱ ij Electric, momentum, mixed conductivities
Hall and Hall momentum conductivities tr σ = δ ij σ ij Trace of electric conductivity tr α = δ ij α ij , trᾱ = δ ijᾱ ij Trace of mixed momentum-current conductivities n Charge density
energy-momentum tensor, J: current This generates the algebra of SL(2, R)
The structure constants are antisymmetric on the first pair of indices and
In general the charges Q 1 and Q 3 are not conserved, since
Q 2 is a symmetry because rotational symmetry implies T ij = T ji . It generates SO(2) rotations in the plane. Note that all Q a can be accidentally conserved in isotropic states
The generators should satisfy the symmetry algebra. Therefore, the equal time commutator should satisfy the Ward identity
In particular
Note that
where L xy is the total angular momentum.
Systems with conserved momentum
If momentum is conserved ∂ µ T µi = 0, we can use directly the generators constructed with S 0 a to derive a Ward identity that relates the Hall viscosity to current correlators and angular momentum density. When momentum is not conserved the definition of the SL(2, R) generators has to be modified, as we will discuss for systems with a background magnetic field in the next section.
With the commutator of the area-preserving currents we can construct the retarded correlator 11) and similarly the retarded correlators of the energy-momentum tensor are defined as
We are assuming time translation invariance but not necessarily space translation invariance.
We will compute the time derivatives of G 13 , integrated over the spatial directions. In order to regulate the integrals we introduce a constant vector ǫ ǫ ǫ. Eventually we will take the limit ǫ ǫ ǫ → 0 0 0 3
x x e −iǫ ǫ ǫ·x x x−iǫ ǫ ǫ·x x x G 13 (t −t; x x x,x x x)
x x e −iǫ ǫ ǫ·x x x−iǫ ǫ ǫ·x x x S ijkl x ixk G 0j,0l
Where we have defined the tensor
We collect some useful algebraic relations in Eq. (A.1).
We will now do the Fourier transform with respect to time of the expression above 15) and use the Fourier transform of the retarded correlators
After some manipulations (the details are in the Appendix A.1), the Fourier transform can be written in the following form:
We will now use the conservation equations of the energy-momentum tensor to relate this result to the correlator of two stress tensors. In the end this will give us a formula for the Hall viscosity. Starting with (2.11) and taking the time derivatives explicitly we can also write (2.13) as
Where we have used the Ward identity for the equal time commutator (2.8) and we have assumed that there is a time-independent angular momentum density S 0 2 (x x x) . The result is (see the Appendix A.1)
Where we have defined the Fourier transform of the angular momentum density as
Note thatl(0 0 0) = L xy is the total angular momentum if it is finite. Equating (2.17) and (2.19) we obtain the relation
In the absence of angular momentum density the relation above follows simply from the conservation of the energy-momentum tensor in a translationally invariant system. This shows that if there is a non-zero total angular momentum translation invariance should be broken.
Systems with a magnetic field
The Hall viscosity was first computed in Quantum Hall systems, where a background magnetic field is turned on. It is then of interest to extend the analysis to this case. In the presence of a magnetic field B, the conservation equation of the energy-momentum tensor is modified to 22) where J µ is the electromagnetic current and we assume that the magnetic field is constant. Note that the angular momentum density as defined above is not conserved, since
It is possible to define shear and angular momentum operators that obey the same conservation equations at zero and non-zero magnetic field 4
The SL(2, R) algebra is actually generated by these operators, rather than by the original S µ a . We will discuss this in more detail when we present the relation to angular momentum density.
Even though S µ 2 is not a conserved current anymore, we will assume that time translation invariance is not broken so that the time derivative vanishes ∂ t S 0 2 (t, x x x) = 0. Since we allow space translation invariance to be broken, in principle there could be a non-zero current 25) where M (x x x) is the space-dependent part of the magnetization. This will enter in the spatial components of the angular momentum current
Given that S i 2 = 1 2 ǫ jk x j T ik , by direct comparison we find that the expectation value of the stress tensor should be 27) where P 0 is a constant contribution to the pressure. Because of the term depending on the current density in the conservation equation, we should also consider current-current and mixed retarded correlators
Although due to the presence of the magnetic field the calculation is technically more involved, one can follow the same steps to derive the Ward identity as in the previous section. We have included the details in the Appendix A.2. The original form (2.17) is still valid, but (2.19) should be modified tõ
wherek substitutes the angular momentum density and is defined as
Adding dissipative terms
So far we have assumed that momentum is conserved, except for the presence of an external magnetic field. This is not necessarily the case in many systems of interest, in particular if the microscopic theory is not translation invariant but there is a lattice or impurities with which the degrees of freedom that carry charge and momentum can scatter. A simple way to model the momentum loss is by adding drag terms to the conservation equation of momentum
It is straightforward to repeat the same steps that we used to derive the Ward identity with the new terms. We find that (2.19) should be modified tõ
We do not write the contact terms explicitly because we will be interested mainly in using this formula in systems where expectation values are constant, where the contact terms will vanish.
Relation between Hall viscosity and conductivities
A non-zero angular momentum requires an expectation value of the momentum density of the form
This is compatible with rotational symmetry if ℓ is a function of x 2 x 2 x 2 . The angular momentum is, after integrating by parts,
Note however, that if translational invariance was exact, then necessarily T 0i (x x x) = 0 and L xy = 0. In a translationally invariant theory correlators have the form
We will define P P P = (p p p +)/2 and k k k = p p p −. Then (2.17) becomes
Note that, if rotational invariance is not broken, the correlator can depend only on even powers of the momentum, P P P 2 or P j P l . On the other hand, conservation of the energymomentum tensor implies that ω 2 Γ 0j0l (ω, 0 0 0) = 0. Therefore, the last two terms vanish andĨ
Systems with conserved momentum
For a translationally invariant system (2.19) becomes
We have used that, as a distribution,
where the dots denote a polynomial on the components of k k k.
Collecting all the terms proportional to δ (2) (2ǫ ǫ ǫ) we get
We present an alternative way to obtain the same result in the Appendix B, where it is not necessary to use the regulator ǫ ǫ ǫ. If there is rotational invariance then we can expand the stress-tensor correlator as
Where the coefficients can be complex functions of the frequency. The real part of the coefficients are the usual transport coefficients. Note that viscosity terms describe the response of the system to time-dependent spatial deformations. In general, there is also a response to time-independent deformations (elastic response) determined by contact terms in the correlators, such as the inverse compressibility contribution in [10] . Due to the contraction with the tensor S ijkl , these terms will drop from our expressions, and we will neglect them in the following. Introducing this in (3.8) we find the relation
Systems with a magnetic field
If we use the expression (2.29) for a constant magnetic field, we find
The terms proportional to the second derivatives of the delta function cancel each other (see (A.20) ). We will now define the (complex) conductivities
where σ, κ and α,ᾱ can be identified as the electric, "momentum" and "mixed currentmomentum" conductivities respectively. In a relativistic system T 0i = T i0 so κ and α are combinations of thermal, thermoelectric and electric conductivities. There can also be a diamagnetic term in the correlator that describes the response to time-independent perturbations, but it will drop from our formulas after contracting with the tensor S ijkl , so we will neglect it in the following. The Hall electric and momentum conductivities are defined as
We will also define the trace of the mixed conductivity as tr α = δ ij α ij . Then, we can write the Ward identity for the Hall viscosity as 5
Or, in matrix form,
Adding dissipative terms
The generalization of the formula above when momentum dissipation is included is straightforward using (2.32) as starting point. The result is
5 Details of the derivation are in Appendix A.2.1.
We can also express the result in matrix form as
Galilean invariant theories
Our results are completely general for relativistic and non-relativistic theories. Previous results [10, 15, 16] were obtained in special cases with Galilean invariance and an universal charge to mass ratio. In such systems it is possible to make the following identification between the current and the momentum density
For particles of unit charge and mass m. Therefore, the κ and α conductivities are not independent, but are related to the electric conductivity as
Starting with the most general expression (3.16), this leads to
Where ω c = B/m is the cyclotron frequency and the non-relativistic drag coefficient is
Momentum dissipation was not considered previously, so in order to make a comparison we should set λ N R = 0. Then, equation (3.20) agrees with the Kubo formula (4.14) in [10] . 6 This result, obtained from a formal derivation using the Ward identity, was checked in several examples in [10] and is also confirmed by the effective field theory analysis of Hall systems [15] (where this type of relation was originally derived) and chiral superfluids [16] . In a recent paper [33] it was shown using non-relativistic diffeomorphism invariance that when parity is broken the relation between momentum and current can be modified to 7
where g is the g-factor or gyromagnetic ratio that determines the coupling to an external magnetic field and s determines the coupling to the spin connection. Using current conservation, this will modify the relation between conductivities to
Using these formulas in (3.14), it is straightforward to check that the Hall viscosity is shifted respect to (3.20) by a term 26) in agreement with the result of [33] .
Relation to angular momentum density
In Quantum Hall systems and other topological states such as chiral superfluids, the Hall viscosity is proportional to the shift S [6-9]. More precisely,
wheren is the average particle number density. When put on a curved space, the shift determines the change in the number of particles relative to flat space
where g is the genus of the two-dimensional surface, ν is the filling fraction for a Hall system (for chiral superfluids ν −1 = 0) and N φ is the number of magnetic flux quanta. In the superfluid S is the orbital angular momentum of the Cooper pair. For free nonrelativistic fermions in a magnetic field it is a mean orbital angular momentum per particle, defined as S = 2E 0 /ω c , where E 0 is the energy of the ground state and ω c the cyclotron frequency [10] . In general the relation between Hall viscosity and angular momentum is not expected to hold, specially if the theory is gapless. An illustration of this are gauge/gravity models where the two quantities seem to be independent [26] . However, in [24] it was found that for a relativistic p-wave superfluid the relation seems to be valid even at finite temperature.
Even though (4.1) may not hold in general, it is quite clear that in the presence of an angular momentum density there will be a contribution to the Hall viscosity. In the absence of magnetic field, from (2.19) we have the relation
We assume that rotational invariance is not broken but translation invariance can be.l(0 0 0) equals the total angular momentum of the system, if it is finite. If the system is made of N particles carrying an amount of angular momentuml on average, thenl(0 0 0) = Nl. This diverges in the thermodynamic limit N → ∞. In a system where the number of particles is not conserved and the density of angular momentum is approximately constant throughout space, thenl(0 0 0) has a volume divergence. In principle the same scaling with the volume is expected in the other terms. Let us introduce the system in a finite volume V 2 , in this case it is more convenient to work with the coordinate-dependent expressions
Where the average angular momentum is defined as
The tensor structure of the correlatorG
is the same as in (3.9), but with coefficients that depend on the coordinates. We can define an average viscosity tensor asη
If translation invariance was unbrokenη would be the same as the zero momentum viscosity tensor. Then, we find the following relation between the average Hall viscosity and the average angular momentum densitȳ
The confinement of the theory to finite volume could be due to an effective potential that depends on the scale V 2 = 1/δ. The potential will break translation invariance, and should affect to the conservation equations of the energy-momentum tensor, but in the limit δ → 0 + the breaking goes away and translation invariance is recovered. For simplicity we will assume that rotational invariance is not broken. In a situation like this, it should be possible to approximate the correlation function of the stress tensor as
where η δ (p p p −) is a function that becomes a Dirac delta when δ → 0 + . An example is
If we now take the ǫ ǫ ǫ → 0 0 0 limit, 10) and similarly,l(0 0 0) = (2π/δ)l + · · · . The dots are terms that will vanish in the limit where translation invariance is restored δ → 0 + . The function Γ ijkl can be expanded in the same way as in the translationally invariant case, so the term proportional to 1/δ introduces the Hall viscosity. Although in the end we are interested in the δ → 0 + limit, we will show that in a gapped system, for any finite δ the static Hall viscosity satisfies the relation with the angular momentum
Note that if the order of limits is changed, so δ → 0 is taken before ǫ ǫ ǫ → 0 0 0, the angular momentum density should vanish and we should recover the formula that relates the Hall viscosity to the conductivities. In principle this does not mean there is any contradiction. Physically, taking the ǫ ǫ ǫ → 0 0 0 limit in the correlators means probing the system at longer wavelengths, while the δ → 0 limit removes the scale at which translation invariance is broken to larger distances. We can expect then that if we study wavelengths much larger than the inverse of the gap or other scales but much smaller than 1/ √ δ, the relation between Hall viscosity and conductivities will be approximately valid, and this will improve as δ → 0 for larger wavelengths. On the other hand, if we consider wavelengths of the order of 1/ √ δ or larger, we are sensitive to the breaking of translation invariance and the value of the static Hall viscosity is fixed. Moreover, the value of the Hall viscosity is independent of δ if the angular momentum density is kept constant, so the relation should be valid even when δ → 0. 
where M is the gap and √ δ is the scale of translation symmetry breaking, the Hall viscosity can be related to the momentum derivative of Hall conductivity as (3.14) or (3.20) 
, the Ward identity (4.7) holds. On the one hand, taking the δ → 0 + limit makes the relation to conductivity valid at zero momentum (λ 1 → ∞). On the other hand, the value of the static Hall viscosity (4.11) is independent of δ.
Systems with magnetic field
In the case of free fermions in a magnetic field, the Hamiltonian has the form
Where the 'kinetic' momentum operators satisfy the commutation relations
In the rotationally invariant gauge the single-particle wavefunctions in the lowest Landau level can be expanded in a basis (z = x + iy)
For the usual definition of the angular momentum operator L p xy = xp y − yp x with p i the canonical momentum operators, these wavefunctions carry n units of angular momentum. The total momentum of N fermions in the lowest Landau level will be then of order N 2 . However, L p xy is not gauge-invariant and has no direct physical interpretation. A gaugeinvariant definition involves the kinetic momentum operator L Π xy = xΠ y − yΠ x . For this operator, the angular momentum is independent of n and is actually −1. For the N th Landau level, the single particle states have angular momentum −(2N + 1). In the case of ν filled Landau levels we can use the fact that each Landau level is equally degenerate, so the average value is
These are the values that determine the shift. In our analysis T 0i is a gauge-invariant operator, we can see that it is indeed related to the kinetic momentum operators in quantum mechanics. In the presence of the magnetic field the conservation equation is ∂ µ T µi = Bǫ i j J j . In addition, in a theory with Galilean invariance T 0i = mJ i , in which case we can write the conservation equation as
16)
The momentum operators P i = d 2 x x xT 0i then satisfy
where H is the Hamiltonian. This agrees with the commutation relation for the kinetic momentum operators Π i . Therefore, the angular momentum L xy = d 2 x x xǫ ij x i T 0j corresponds to L Π xy and should capture the right value of the shift. From (2.30) we see that in the presence of a magnetic field not only the angular momentum contributes but there is a term which would be divergent in the infinite volume limit if the density remains constant. This divergence is related to the static Hall conductivity. In the presence of the magnetic field we may extract a contribution from the current correlator of the form 18) wheren is the average charge density. This leads tõ So the contact term vanishes when the density is constant J 0 (x x x) =n. There can also be a diamagnetic term in the current correlator G ij R ∼nδ ij , but it will drop after contracting with S ijkl .
Spectral representation
In [10] it was argued that the static Hall viscosity will be exactly (4.1) in a system with a mass gap and no magnetic field. The argument uses the spectral representation of correlators, we generalize it to other field theories. First, let us define the vector operators
Then, the Ward identity for the average Hall viscosity can be written as 21) wherek is the full contact term (k =l if B = 0) and
Using the usual relations between correlators (see Appendix D) we find (ǫ → 0 + ) This can be checked from the decomposition of the pole in the principal value part and a delta function
Then, we find that
Both the principal value and the imaginary term contribute to the real part of the Hall viscosity. Let us define
Then, for the real part we have
The expression for the imaginary part is
In the absence of a magnetic field, the formula for the Hall viscosity takes the simpler form
If ωF 11 (ω) → 0 as ω → 0, then only the angular momentum density will contribute to the Hall viscosity. This will happen if there is an energy gap in the spectrum. Indeed the spectral function can be formally expanded as a sum over energy eigenstates of the form
where |α are the energy eigenstates and ε α is the energy difference with the ground state |0 . Clearly, for ε α = 0 the function ρ ij 11 (ω, x x x,x x x) vanishes at ω = 0. Note that there are no special requirements on the form of the spectrum above the gap. The situation is different at finite temperature, where the spectral function has the form (see Appendix D.1)
We see that if the spectrum is discrete the spectral function will vanish at zero frequency even at non-zero temperature. However, for a continuous spectrum this does not need to be true in general.
In conclusion, in the absence of magnetic fields, for any field theory with an energy gap, the static Hall viscosity at zero temperature will be given by Read's formula
If the theory does not have a gap, the relation depends on the matrix elements of T 0i . In a theory with spontaneous breaking we can have massless Goldstone bosons separated by an energy gap from other kind of excitations. In such a case the energy-momentum tensor at low energies will be proportional to derivatives of the Goldstone field φ 34) in which case one expects the matrix element of the momentum density to be proportional to the energy of the eigenstates
Even though the continuous of excitations of the Goldstone bosons reaches zero energy, this factor would prevent them from contributing to the Hall viscosity.
Conformal transformations on the plane
We have seen how the angular momentum density enters as a contact term in the Ward identity for area-preserving transformations, as was also derived by [10] for non-relativistic theories. In general we expect it to enter in any relation between symmetry generators that includes rotations. As we will show now, this is indeed the case of spatial conformal transformations. The commutator of a spatial translation with a special spatial conformal transformation is proportional to a spatial dilatation plus a spatial rotation
A representation of the algebra is
If the expectation value of the angular momentum M ij = L xy ǫ ij is non-zero, the commutator of K i and P i will be non-zero as well
This implies the following Ward identity for the equal time commutator
Where we have defined the current density
is not conserved.
Analogously to the derivation for area-preserving transformations, we will consider time derivatives of the retarded correlator
For this, we will define
x xe −iǫ ǫ ǫ·x x x−iǫ ǫ ǫ·x x x G P K (t −t, x x x,x x x). (5.8)
More explicitly,
We now Fourier transform I P K with respect to t −t and use the form of the correlators in momentum spaceĨ
( 5.10) If we use the explicit form of the retarded correlator, the conservation of the energymomentum tensor and the Ward identity (5.4), we find the following expression
(5.11)
We now Fourier transform
This leads to the relation 
Conformal Ward identity
In addition to the Hall viscosity, we can also discuss the consequences of the Ward identity derived from spatial conformal transformations (5.13). To leading order in ǫ ǫ ǫ, we have non-zero contributions coming from terms of the form
The Ward identity becomes
Then, normalizing by the volume, the coefficient χ Ω is
Note that if translation invariance was unbrokenl = 0 and χ Ω = 0 at zero frequency. The value of χ Ω is related to the Hall bulk viscosity term in parity-breaking fluids. This term is relevant in fluids where the vorticity of the fluid Ω is non-zero. For a relativistic fluid with three-velocity u µ , Ω = −ǫ µνλ u µ ∂ ν u λ . For small velocities Ω = ǫ ij ∂ i v j . The Hall bulk viscosity term at small velocities takes the form 8
Then, to leading order in derivatives, the change in the stress tensor due to the vorticity is
where P is the pressure appearing in the energy-momentum tensor at the ideal order. As was discussed in [20] , in a translationally invariant system
Therefore, the total change in the pressure, understood as the trace of the stress tensor, is actually zero. In view of this, if we define the total pressure to be p T = δ ij T ij /2, the conformal Ward identity that we have derived implies that
In [20] it was argued that ∂P ∂Ω is also related to angular momentum density. 9 From the analysis of the hydrostatic generating functional [21, 22] one can see that in the presence of space-dependent metric and gauge fields, there is a contribution that generates angular momentum. In the generating functional it appears as a term of the form
Where the vorticity is Ω = ǫ ij ∂ i g 0j . The variation with respect to g 0i leads to 22) and c 1 can be identified with ∂P ∂Ω . Therefore ∂P ∂Ω is proportional to the angular momentum density. Note that nevertheless it is necessary to break translation invariance in order to have a non-zero angular momentum, understood as the expectation value of the angular momentum operator. In principle one could give an alternative definition of 'angular momentum density' in terms of the contact terms that appear in two-point functions.
In the derivation of the generating functional it is assumed that in the absence of sources the ground state will be translationally invariant. This makes a difference with the analysis we have made where the angular momentum is generated spontaneously. Note that W Ω is independent of g ij , so there is no contribution to the stress tensor from this term T ij Ω = 0, while we found that the stress tensor depends on the vorticity (5.20) if the ground state is not translationally invariant in the absence of sources.
Discussion
In this work we derived a Ward identity relation between Hall viscosity and Hall conductivities that is valid for general relativistic or non-relativistic 2 + 1 dimensional quantum field theories. The relation reduces to the known results of Galilean invariant theories [10] , including the very recent result of [33] . We further generalized the relation by adding the effect of a drag viscous term. It would be of interest to verify these identities in explicit models. One suitable setup is the holographic p-wave superfluid [36] for which the Hall viscosity was calculated in [24] .
Ward identities introduce constraints among transport coefficients, which should be valid in holographic models that have quantum field theory dual descriptions. Since most holographic models in the context of the gauge/gravity correspondence have a bottom-up description, the Ward identities can be used to test which of these models may have a field theory dual. A more interesting relation is between Hall viscosity and conductivities, since the relation to angular momentum can be shown to hold only in very special cases.
The analysis of Ward identities that we carried out can be extended to other linear transformations. In Galilean invariant theories they give relations between shear and bulk viscosities and other components of the conductivity. We expect that a similar generalizations will apply for relativistic as well as non-boost invariant theories, such as Lifshitz field theories [37] [38] [39] .
We showed that the relation between Hall viscosity and angular momentum density holds in special cases, i.e. at zero temperature and for gapped systems. In order to show the relation it was necessary to break translation invariance and take a limit. This deserves additional analysis as there may be some subtleties, in particular if the energy of some states approaches the energy of the ground state in this limit.
We argued that the relation can be expected to hold also for systems with spontaneous breaking of symmetry, if there is a gap between the Goldstone bosons and other excitations. This is in agreement with results from effective field theory. It would be interesting to have a more rigorous proof of this including an explicit verification in particular models.
For systems with a background magnetic field, the relation between Hall viscosity and angular momentum is modified. This is expected since in the static limit the conductivity terms entering the Ward identity should give some contributions as well. Such a modification has already been discussed in the Galilean invariant cases [10] . Since the Hall viscosity is related to the shift, which is topologically protected, it would be interesting to identify all the terms that enter in the Hall viscosity. They may be related to the existence of gapless modes.
We introduced nonzero temperature in the analysis. In comparison to the zero temperature case, here not only the energy difference with respect to the ground state is relevant, but also the energy differences among all excited states. While the matrix elements are suppressed by factors of the frequency as at zero temperature, there are potential contributions to the Hall viscosity at non-zero magnetic field or if the density of states grows at small frequencies. It would also be interesting to further study these cases.
A. Details of the calculation of Ward identities
In this appendix we collect technical results and useful formulae that we used in the derivation of the Ward identities in section 2, and give an alternative derivation in the absence of magnetic fields and dissipation in § B. In all cases we used the following algebraic relations for the tensor S:
A.1 Systems with conserved momentum
Written explicitly, the Fourier transform (2.15) is
Where we have used that
We now integrate by parts the derivatives with respect to p q and q k and perform the integrals over space. 10 This gives a factor δ (2) (p p p − ǫ ǫ ǫ)δ (2) (+ ǫ ǫ ǫ) that we use to compute the integrals over momentum. The result is (2.17). From (2.18) we get
Integrating by parts the derivatives with respect to momentum and doing first the integrals over the space directions and then over momentum we get (2.19).
A.2 Systems with a magnetic field
As in the previous case, first we compute two time derivatives of the retarded correlator G 13 (defined with S µ a ) integrated over space
(A.5)
We will now add and subtract B/2ǫ i n x n J 0 to the operators T 0i in the equal time commutators and use the SL(2, R) algebra to simplify the expressions
We can use the conservation equations of the energy-momentum tensor to rewrite
It will be convenient to write the equal time commutator in the contact term as
(A.8)
Plugging it back in the expression for I 13 , we find
The operators S 0 B a produce infinitesimal deformations
We show this explicitly for free Dirac fermions in Appendix C.
The equal time commutators of the current should vanish, and time derivatives of expectation values as well. Then, after integrating by parts and neglecting terms O(ǫ ǫ ǫ)
For a current of the form (2.25), the contact term proportional to x i J i will drop upon integration by parts. Then, one is left with
Using the explicit form of S 0 B 2 we get a contribution to the contact term from the angular momentum density and another from the charge density:
x x e −iǫ ǫ ǫ·x x x−iǫ ǫ ǫ·x x x S ijkl x ixk ∂ n ∂mG njml R (t −t; x x x,x x x) + Bǫ j n ∂tG n,0l
We will now do the Fourier transformation with respect to timẽ
(A.14)
The same standard manipulations that we used in the case without magnetic field in the spatial and momentum integrals lead to (2.29).
A.2.1 Relation to conductivities
If rotational invariance is not broken, we can expand the correlation functions as follows (all the form factors Π are functions of ω and P 2 P 2 P 2 ): 11
where A, B = J, T label current J i or momentum T 0i correlators. Note that, for any of the correlators with two spatial indices
(A.16) Equating (3.11) to (2.17), we find
The first terms are the Hall electric and momentum conductivities defined as
The last term depend on the trace of the mixed conductivity .19) 11 Note that the combination (
A.3 Coefficients of second derivatives of delta function
In the presence of magnetic field, terms proportional to the second derivatives of delta function are generated. These terms cancel out with the following condition
The relation is strictly valid at zero momentum. It is used to derive (3.11).
Once we add the drag terms, the terms proportional to the second derivatives of delta function are more complicated. They need to satisfy
This relation is used to get (3.16).
B. Alternative derivation in systems with translation invariance
In this appendix we present an alternative derivation of the Ward identity for the Hall viscosity (at zero magnetic field) in translationally invariant systems that does not require to introduce a regulator. We will compute the following time derivatives of the G 13 retarded correlator, integrated over the difference x −x:
We now change variables
Then, we can expand I 13 in powers of the X i components as
where, using time-translation invariance
R (t −t, y), (B.4)
If we take the time derivatives on I 13 more explicitly, using the form of the retarded correlator we find
(B.7)
-27 -In the translationally invariant case S 0 2 (t, x) = 0. We will now use translation invariance and the conservation of the energy-momentum tensor to write:
(B.8) Therefore,
As before, we can expand in powers of the X i components
where, using translation invariancē
Since X i are arbitrary the following conditions must be satisfied A ik =Ā ik , B i =B i , C =C. We now use the equal time commutators. The commutator ofĀ ik vanishes because it's the commutator of the momentum densities T 0j . The commutator inB i is the commutator of the densities S 0 1,3 and the momentum densities. Assuming the expectation value of the momentum density is zero, this commutator also vanishes. The commutator in C is the commutator between S 0 1 and S 0 3 , which is proportional to the angular momentum density:
(B.14)
Then, the condition C =C leads to
(B.15) We will now do the Fourier transform with respect to time of this expression 16) and use the Fourier transform of the retarded correlators
We will also use that
We can regulate the momentum integrals with a cutoff Λ, the first term vanishes since is the derivative of a derivative, while the other derivative terms will vanish upon integration on y, that gives delta functions at zero momentum. Then, the relation becomes
Which agrees with the result derived in the main text (3.8).
C. Shear generators for free fermions in a magnetic field
For free Dirac fermions ψ in a background gauge field A µ the energy-momentum tensor and current operators are
Where the covariant derivative is
and the algebra of the gamma matrices (the signature of the metric is mostly minus)
In order to compute the equal time commutators we will use the following identity for the commutator of composite operators: If any of the currents is the time component J 0 the commutator vanishes, as expected.
The equal time commutator with the momentum density is Note that for the current S 0 a has the same equal time commutator as S 0 B a . However, the action over the fermionic fields is different. Using The term proportional to B would be absent in the commutator with S 0 a . This term is necessary in order to satisfy the right SL(2, R) algebra. It is most easily seen in the symmetric gauge 13) where the commutator reduces to the usual shear transformation i S 0 B a (x), ψ(y) = − (σ a ) ij 2 x i ∂ j ψ(x) δ (2) (x x x − y y y).
(C.14)
Here we used the canonical energy-momentum tensor for simplicity, in principle the shear transformations can be generalized for the symmetric energy-momentum tensor.
D. Spectral decomposition and retarded correlators
We will label by |α the eigenstates of the Hamiltonian and denote by |0 the ground state. We can write the correlator of two currents as Note that for |α = |0 , the expectation value of V i a is real, so the ground state contribution drops from the sum.
The Fourier transform respect to space can be defined as where ε αβ = ε α − ε β . The main difference we observe with respect to the zero temperature case is that not only the energy difference with respect to the ground state is relevant, but also the energy differences among all excited states. The matrix elements are suppressed by factors of the frequency in the same way at zero temperature, but there could be a contribution to the Hall viscosity at non-zero magnetic field or if the density of states grows at small frequencies.
